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Abstract
Any conformally invariant energy associated with a curve possesses tension-free equilibrium states which are
self-similar. When this energy is the three dimensional conformal arc-length, these states are the natural spatial
generalizations of planar logarithmic spirals. In this paper, a geometric framework is developed to construct these
states explicitly using the conservation laws associated with the symmetry. The tension along a curve, conserved
in equilibrium, is first constructed. While the tension itself is not invariant, the statement of its conservation
is. By projectlng the conservation laws along the two orthogonal invariant normal directions, the Euler-Lagrange
equations are reproduced in a manifestly conformally invariant form involving the conformal curvature and torsion.
The conserved torque, scaling and special conformal currents are constructed explicitly by examining the behavior
under rotations, rescaling and special conformal transformations respectively. Our specific interest will be the
conditions under which the tension vanishes. When it does, the remaining conserved currents assume a strikingly
simple form. In a companion paper, the self-similar spirals describing tension-free states will be constructed
explicitly by integrating these currents.
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1 Introduction
Conformal invariance very often appears as a symmetry of physical processes, albeit only as an approximation or emer-
gent within the process. This was already understood in the context of biological growth by D’Arcy Thompson more
than a hundred years ago as is evident in his groundbreaking work On Growth and Form [1]. Its simplest manifestation
is in a curve. This typically will be a one-dimensional subsystem of a larger system whose overall morphology is much
more complicated. Thus the spiral arms in our galaxy, or the pattern of growth displayed by the chambers of a mollusk
shell are self-similar, while the detailed morphology—of course—is not. For this to happen, the effective geometrical
degrees of freedom describing the self-similar logarithmic spiral must somehow decouple from the rest of the system.
The spiral itself need not be planar as D’Arcy Thompson himself appreciated.
D’Arcy Thompson worked without the benefit of a handle on the relevant mathematics to describe self-similar ge-
ometries and their connection to conformal symmetry. We would like to examine this question in a systematic way
for curves in three-dimensional space, associating the simplest possible conformally invariant energy with the curve
and exploring the equilibrium states consistent with it. We will see that the if the tension in these states vanishes,
the length scale drops out with it and the resulting states will be self-similar. Because tension is not a conformal
invariant, the conformal symmetry is broken. We make no attempt to understand the detailed interpolation between
the fundamental physics describing the whole system and that of the subsystem exhibiting the symmetry, a difficult
task at the best of times. As it turns out, however, a lot can be inferred from the symmetry and the pattern of its
breaking.
The first task is to identify an appropriate energy consistent with conformal symmetry. This energy need not it-
self possess physical significance. Its role is to direct us to the simplest Euler-Lagrange exhibiting this symmetry.
1 Scale invariance, alone, tends to be insufficient to pin-down the energy. Extending the symmetry to conformal
1An analogous example for surfaces is provided by minimal surfaces with vanishing mean curvature. While, of course, they do occur as
area minimizing surfaces, they are often observed because they also minimize higher order functionals of the geometry, which may not yet
have been identified.
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symmetry narrows the possibilities, while expanding the patterns of its breaking. In three-dimensions, the conformal
group is generated by similarities and inversions in spheres.
There are any number of local scale invariant energies one can associate with a curve, using the Frenet curvature and
torsion, κ and τ . They will be of the form
H0 =
∫
ds κG(κ/τ) , (1)
where G is any function, introduced first in a relativistic setting in [2]; but energies of this form do not admit self-similar
geometries, unless trivially. Indeed it is relatively straightforward to show that their critical points are helices. Notably,
none of these energies, except
∫
ds τ , is conformally invariant (modulo 2pi); no others, apart perhaps from
∫
ds κ, are
natural in the context of curves. One needs to raise the number of derivatives to produce one. The intriguing point
is that, up to an overall factor, there is a unique conformal invariant involving these variables and their first derivatives.
Conformal invariance crops up in the study of membranes. The symmetric bending or Willmore energy of a two-
dimensional surface, quadratic in the extrinsic curvature [3], first identified by Sophie Germain [4], is a conformal
invariant. The important role it plays in current membrane biophysics on the mesoscopic scales in which the mem-
brane morphology comes into focus cannot be overstated. This was demonstrated spectacularly in a series of papers
in the early nineties [5, 6, 7]. A well-known review, capturing the heady advances at that time, is provided in reference
[8]. For a recent review, approaching the problem from a point of view not altogether different from the one used to
approach the problem addressed here, see reference [9]. In contrast, the analog of the bending energy along curves,
the Euler Elastic energy, quadratic in the Frenet curvature, is not even scale invariant never mind conformally invari-
ant (the following references provide points of entry into a now vast literature [10, 11, 12, 13]). This dimensional
distinction between surfaces and curves has significant physical consequences: indeed many of the peculiarities of
fluid membranes can be traced back to the conformal invariance of the symmetric bending energy and the patterns
of its breaking. There are, however, no local conformal invariants of a curve constructed using the undifferentiated
curvature alone. The conformal arc-length, given by [14, 15],
H =
∫
ds
(
κ′2 + κ2τ2
)1/4
, (2)
is the simplest. Here s is arc-length and prime denotes a derivative with respect to s. This is likely to be the simplest
conformally invariant system there is. Yet there does not appear to have been any previous attempt made to examine
the mechanics it implies.
It is significant that H possesses logarithmic spirals as planar critical points [16]. The planar limit has been ex-
amined from a mechanical point of view in [17]).
Conformally equivalent curves are characterized by their conformal torsion and curvature, second and third order
respectively in derivatives of their Frenet counterparts [14, 15]:
T = κ
3τ2
ν5/2
[
τ
κ
−
(
κ′
κ2τ
)′ ]
; (3a)
K = 1
8ν3
[
4ν(ν′′ − κ2ν)− 5ν′2
]
, (3b)
where ν =
(
κ′2 +κ2τ2
)1/2. The former vanishes if the curve is planar or spherical. Logarithmic spirals and any curve
connected to a logarithmic spiral by a conformal transformation are characterized by constant conformal curvature K
(with τ set equal to zero in Eq.(3b)).
Log spirals are obviously not the only planar critical points of the energy (2). Their conformal descendants are also
stationary, with the same energy; generically, these are double S-shaped spirals. It is thus clear that neither stationarity,
nor constant conformal curvature selects the feature of logarithmic spirals that sets them apart from their conformal
descendants: the conserved tension vanishes in logarithmic spirals whereas it does not in double spirals; the length
scale associated with it is the distance between its poles.2 In three (or indeed higher) dimensions, there are many more
2The possibility of non-trivial tension-free states in any physical system is unusual: one need only contrast this situation with that for
Euler Elastica where the only tension-free open curves are straight lines.
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tension-free states of Eq.(2). Contrast the one parameter planar logarithmic spirals described in reference [17] with
the zoo of self-similar similar space curves described in reference [18]. Unlike logarithmic spirals, they generally exhibit
internal structure associated with non-vanishing torsion. Remarkably this structure is described by just two parameters.
The Euler-Lagrange equations, describing conformal geodesics, were first derived by Musso in 1994 [15]. He showed
that these equations can be cast in terms of the conformal curvature and torsion:
T •• − T 3 − 2KT = 0 ; (4a)(K + 3T 2/2)• = 0 , (4b)
where the bullet represents a derivative with respect to conformal arc-length, • = (1/ν1/2)d/ds On a plane with
T = 0, equilibrium states are described by curves with constant conformal curvature, described in reference [21].
More recently Magliaro et al. extended Musso’s analysis to higher dimensions [19]. The conformal symmetry is
realized as the Lorentz group acting on a three-dimensional invariant subspace of a five dimensional Minkowski space;
the question is approached by adapting the method of exterior differential systems (see, for example, reference [20]).
This mathematics is very nice but—caveat lector—the demands placed on one’s preparation are significant.
Because conformally equivalent curves are completely characterized by their curvature and torsion, from a mathe-
matical point of view Musso, has solved the Euler-Lagrange equations. However, tension plays no role in Eqs.(4), nor
is it clear how to isolate tension-free equilibrium states if the problem is approached this way, a necessity if the equi-
librium is to be self-similar. An approach that places tension at its center is helpful. Such an approach, an extension
of the method of auxiliary variables [22] developed by the author, is presented here. To accommodate the constraint
on the tension, the conservation laws associated with conformal invariance are constructed. One can now focus on
how the vanishing tension propagates through these conservation laws. Framed this way the geometric problem is
also a mechanical one. The language of Euler elasticity is now appropriate, extended to accommodate the additional
symmetry. This route builds on the approach adopted, in the context of planar curves, in reference [17].
The translational invariance of H permits the Euler-Lagrange equations to be recast as a conservation law: the
Noether tension F is preserved along conformal geodesics. This tension is not the tension in an elastic rod. Because
this approach breaks manifest conformal invariance, it is not obvious that these equations are equivalent to Eqs.(4).
The conservation law can be projected along two invariant normal directions which reproduce Eqs.(4). Whereas ten-
sion is not itself conformally invariant, its conservation is. The two invariant directions do not to coincide with the
Frenet normal and binormal. Indeed, it quickly becomes clear that the Frenet frame transforms in an unexpectedly
complicated way under conformal transformations.
Rotational invariance identifies the conserved torque, M. In the study of Euler elastic curves, the two Casimir
invariants of the Euclidean group, F2 and Fˆ ·M provide the constants of integration parametrizing solutions in terms
of elliptic integrals. If the tension vanishes, as it does in self-similar equilibrium states, then so do both invariants. But,
when the tension vanishes, the conserved magnitude of the torque is not only rotationally invariant, it also becomes
translationally invariant. In a tension-free state, the torque will establish the spiral axis as well as provide a quadrature
for the dimensionless variable, κ′/κ2.
The method of auxiliary variables can be repurposed to identify the two additional conserved currents, the scal-
ing and special conformal currents implied by the conformal invariance of the functional H, without Euler elastic
analogs. Scale invariance completely fixes the tangential tension, which itself determines the full tension in equilib-
rium states.
In the companion paper [18], these conservation laws are integrated to construct all three-dimensional self-similar
spiral equilibrium states.
2 Conformal arc-length
The Frenet description of a space curve in terms of its acceleration and torsion may be intuitive, but as the number
of derivatives increases, it becomes increasingly difficult to identify geometrically significant invariants built out of
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them, never mind determining how they behave under deformation. The approach adopted in [23] and then in [25]
works because the focus was on simple functionals of the curvature and the torsion which do not involve derivatives
of κ or τ. To treat a functional involving higher derivatives, such as the conformal arc-length defined by Eq. (2) it is
useful to introduce a one-dimensional covariant derivative that is invariant with respect to rotation of the two normals,
treating the curvatures along the normal directions democratically. This approach was touched on in reference [23],
its potential advantages suggested but not explored in depth.
Consider then an arc-length parametrized curve s → X(s) in three-dimensional Euclidean space with the inner
product between two vectors denoted by a centerdot separating them.
Let prime denote a derivative with respect to arc-length, so that t = X′ is the unit tangent vector to the curve.
Let {t,n1,n2} be an orthonormal frame defined along it. The projection of the acceleration t′ onto each of the two
normal vectors nI defines a curvature, KI , I = 1, 2. As the curve is followed, these vectors will also rotate both into
t and among themselves. This behavior is summarized in the structure equations for the curve: 3
t′ = −KInI ; (5a)
DnI = KIt , I = 1, 2 . (5b)
The one-dimensional covariant derivative D appearing in Eq.(5b) is defined by D = ∂sδIJ + ωIJ , where ωIJ =
nI ·nJ ′ = −ωJI is a one-dimensional spin connection. Under a local rotation of the normals DnI , like nI , transforms
as a vector; nI ′ does not. This framework can be extended in an obvious way to curves in higher dimensions.
Let {t,N,B} denote the Frenet frame. The acceleration is directed along N, so that K1 = κ, where κ is the
Frenet curvature; the curvature K2 vanishes: K2 = 0. The spin connection is now identified with the torsion:
ω12 = −τ = −ω21. The well-known fundamental result is that, modulo Euclidean motions, the two independent
scalars κ and τ completely determine the curve [24]. This is useful in principle; if one’s priority were to trace curves
for art’s sake one could stop here; in practice, the conservation laws associated with the conformal symmetry of the
problem addressed here will provide a much sharper characterization of the spiral geometry.
The only space curves of constant κ and τ are helices. The analogue of this result when s is replaced by ln s is
discussed in reference [26]. In a sense, discussed in [25], any space curve is approximated locally by a helix almost
everywhere.
Conformal invariants of curves must must first of all be Euclidean invariants. As such, they can be expressed in
terms of the Frenet invariants and their derivatives. But this classification runs into difficulties as soon as higher
derivatives are contemplated. For, whereas the curvature κ is second order in derivatives, the torsion τ is of order
three. A consequence is that it is not obvious what the natural scalars are using only these scalars as building blocks.
For example, the oft-misused expression, κ2 + τ2, may appear reasonable but it does not possess any geometrical or
physical significance along curves that we know of. It does however play a role in an appropriate parametrization of
developable strips [27].
This shortcoming never arises in the normal rotation covariant description introduced in Eq.(5b), the relevant reparam-
etization invariant scalars are formed using KI and its covariant derivatives, DKI , D2KI and so on, as building
blocks. The simplest scalar in this approach, KIKI/2, coincides with the Euler energy density. Its analogue con-
structed using first derivatives is DKIDKI/2. To express this scalar in terms of Frenet variables, note first that
DKI = KI
′
+ ωIJK
J , so that with respect to the Frenet frame,
DK1 = κ′ ; (6a)
DK2 = κτ . (6b)
It then follows that
DKIDKI = κ
′2 + κ2τ2 . (7)
3These equations are the direct analogues of the Gauss Weingarten equations for surfaces. The difference is that arc-length provides a
privileged parametrization for curves. While this choice entails the surrender of manifest reparametrization invariance, it is straightforward
to restore; the implications of this choice will be discussed in the context of the calculus of variations.
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This is none other than the sum of the Frenet scalars that appears in the conformal arc-length, Eq.(2). This is not a
coincidence.
2.1 Inversion of curves in spheres
Here a procedure to identify conformally invariant energies for curves will be sketched. Such invariants necessarily
involve derivatives of the curvature. To see this, it is useful to step back and examine the behavior of curvatures and
their covariant derivatives under conformal transformations.
Conformal transformations are the transformations of space that preserve angles. In all dimensions higher than two, any
conformal transformation can be constructed by taking compositions of inversions in spheres, Euclidean motions, and
scalings. The similarity transformations, Euclidean motions and scaling, act in an obvious way on Eq.(5). The behavior
under inversion in spheres is less obvious. But once it is understood how these equations transform behave under in-
version in a sphere, determining the behavior under a more general conformal transformation becomes straightforward.
Under inversion in a sphere, any sphere maps to another sphere or (if the center of inversion sits on the surface
of the sphere) to a plane. Modulo scaling and translation, what is left is inversion in a unit sphere centered at the
origin. The point X on the curve embedded in the Euclidean space maps to the point X¯ = X/|X|2. Technically, the
sphere should possess a radius to preserve dimensions. This is understood implicitly.
It is straightforward to describe how arc-length, the curvatures and their derivatives, defined in Eqs.(5a) and (5b),
transform (see, for example, reference [28] or [9] for an analogous discussion for surfaces). Under inversion in a
unit sphere located at the origin, the tangent and the normal vector transform as follows: t¯ → |X|2RX t, whereas
nI → −RX nI , where RX is the linear operator,
RX = 1− 2Xˆ⊗ Xˆ , (8)
representing a reflection in the plane passing through the origin, orthogonal to Xˆ. Here 1 is the identity and
Xˆ = X/|X|. As a consequence of the behavior of the tangent vector, the arc-length transforms ds→ ds¯ = ds/|X|2.
As for the curvatures and connection, one finds that KI → K¯I and ωIJ → ω¯IJ , where
K¯I = −|X|2 (KI − 2 (X · nI)/|X|2) , ω¯IJ = −|X|2ωIJ . (9)
The curvature transforms non-trivially. The connection transforms by a simple weight; as a consequence, the covariant
derivative does also: D → Ds¯ = −|X|2D. A derivation of Eqs.(9) is provided in Appendix A. As described in Appendix
B, these expressions contrast favorably with their counterparts for the Frenet frame.
2.2 Conformal arc-length is the simplest conformal invariant
Using Eq.(9), it is easy to see that
Ds¯K¯
I = −|X|2D
(
|X|2(KI − 2 (X · nI)/|X|2)
)
= −|X|4DKI . (10)
As a consequence, the scalar
|DK|2 = DKIDKI (11)
is a primary field, transforming with conformal weight |X|8, so that
H =
∫
ds |DK|1/2 (12)
is a conformal invariant of curves, regardless of the dimension. Using Eq.(7) this invariant is identified as the conformal
arc-length, defined with respect to the Frenet frame in Eq.(2).
Curiously, the covariant expression (12) for the conformal arc-length, simple as it may be, does not appear in the
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literature. Notice that whereas DKI transforms by a weight under conformal transformations, this is not true of
either κ′ or κτ separately. Confirming the conformal invariance of (2) using the Frenet frame is somewhat less than
immediate. Having said this, it is only fair to bring the reader’s attention to the marvelously insightful construction
of this invariant presented in reference [31].
3 Conformal Curvature
The transformation of the normal vector DKI , given by Eq.(10) implies that ν = |DK| also satisfies
ν¯ = |X|4 ν . (13)
Taking derivatives,
dν¯
ds¯
= −
(
|X|6ν′ + 4|X|4(X · t) ν
)
;
d2ν¯
ds¯2
= |X|8ν′′ + 10|X|6(X · t) ν′
+4 |X|4
[
4(X · t)2 + |X|2[1−KJ(X · nJ)]
]
ν . (14)
The νν′ terms generated under inversion of the scalar B = 4νν′′ − 5ν′2 cancel, leaving
B¯ = |X|12B + 16|X|8
[
− 4(X · t)2 + |X|2[1−KJ(X · nJ)]
]
ν2 ; (15)
The inhomogeneous term is identical to a term originating in the transformation of κ2ν2:
κ¯2ν¯2 = |X|8
(
|X|4 κ2ν2 + 4
[
− 4(X · t)2 + |X|2[1−KJ(X · nJ)]
] )
ν2 . (16)
As a consequence 4ν(ν′′ − κ2ν) − 5ν′2 is a primary field, transforming with conformal weight |X|12; the conformal
curvature, defined by Eq.(3b), is thus identified as a conformal scalar [14]. K depends on |DK| and its first three
derivatives. A more useful expression for K is possible in terms of the variable
µ = |DK|−1/2 = (κ′2 + κ2τ2)−1/4 : (17)
K = −µ(∂2s + κ2/2)µ+ (µ′)2/2 , (18)
with the denominator suppressed. In this context, notice that one now identifies a conformally invariant bending
energy,
∫
dsK2µ−1.
Just as the normal vector DKI and the scalar ν transform under inversion with the same weight, one see that
successive covariant derivatives are in correspondence with derivatives of ν. It is thus evident that
K0 = 1
8|DK|3
[
4DKI(D
2 − κ2)DKI − 5(D2K)2
]
(19)
is also a conformal invariant. While K and K0 coincide along planar curves with ν = κ′, they differ in three or higher
dimensions. To understand the relationship between them it is useful to examine the behavior of KI and its derivatives
under conformal transformations a little more closely.
4 Conformal Torsion
The conformally transformed second covariant derivative is a linear combination of first and second covariant deriva-
tives; similarly, the transformed third derivative is a linear combination of the first three derivatives and so on through
higher derivatives.
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If εIJ is the Levi-Civita tensor in the 2 dimensional normal space, then one can form both a pseudo-vector II =
εIJDK
J and a pseudo-scalar
I = εIJDKID2KJ ; (20)
the later is also a conformal pseudo-scalar with conformal weight |X|10. The symmetric product of first derivatives
appearing in the transformation of I vanishes on contraction with the Levi-Civita tensor.4 It is also evident that one
can construct higher-derivative analogues in higher-dimensional Euclidean spaces: in four Euclidean dimensions, the
analogue of I is I = εIJLDKID2KJD3KL, whereas εIJLDKJD2KL forms a pseudo-vector.
One can now construct a conformal invariant using I and the invariant one-form, µ−1ds. At this point it is ad-
vantageous to introduce introduce the invariant unit vector in the normal space, U = U InI where
U I = DKI/|DK| . (21)
By construction U IDUI = 0, and DU I is a primary field, and whereas D2U I is not, it is straightforward to see how
it will contribute to one:
U¯ I = U I
Ds¯U¯
I = |X|2DU I
Ds¯
2U¯ I = |X|4D2U I + 2|X|2(X · t)DU I . (22)
More economically, define Dµ = µD. Now, under conformal inversion,
Dµ¯U¯
I = DµU
I
Dµ¯
2U¯ I = Dµ
2U I . (23)
The conformal torsion (a conformal scalar of weight |X|2) is given by
T = εIJ U IDµUJ = εIJDKID2KJ/|DK|5/2 = µ5I , (24)
where I is defined by Eq.(20). The conformal invariant total torsion is then defined by
J =
∫
dsµ−1 T =
∫
ds εIJ U
IDUJ . (25)
In three-dimensions, DµU I can be expressed in terms of U I and T :
DµUI = −T εIJUJ ; (26)
one can then expand D2µU I in terms of the two orthogonal normal vectors U I and DµU I :
D2µ UI = −T 2U I +
(T 2)•
2T 2 DµUI . (27)
Here the identity
(DµU)
2 = T 2 , (28)
following from Eq.(26), has been used. The bullet represents the derivative with respect to conformal arc-length. As
a consequence of (27), the magnitude of the conformal second derivative can also be cast in terms of T and its first
conformal derivatives:
(D2µ U)
2 = T 4 + T •2 . (29)
It is now possible to answer the question posed earlier: what is the relationship between K0, defined by Eq.(19), and
K defined by Eq.(3 b). Note that (U I = DKI/ν)
K1 = 1
8ν3
[
4νU I(D2 − κ2)νU I − 5(D(νU)2
]
= K + 1
8ν
[
4U ID2U I − 5(DU)2
]
= K − 9T
2
8
, (30)
4This construction is analogous to that of the Frenet torsions in [23] using DKI and D2KI instead of KI and DKI .
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where Eqs.(27) and (28) have been used. The cross terms vanish by the unitarity of U I .
It is instructive to recast the conformal torsion in terms of the Frenet curvature and torsion and their derivatives. The
efficient way to evaluate second (and higher) covariant derivatives in the Frenet gauge is to proceed iteratively. Thus,
for D2KI , use is made of the identity
D2KI = (DKI)′ + ωIJDKJ , (31)
where DKI are given by Eq.(6). Using the identities Eqs.(6) for the lower derivatives, one immediately identifies
D2K1 = κ′′ − κτ2 ; (32a)
D2K2 = (κτ)′ + κ′τ . (32b)
Using Eqs. (6) and (32), one finds that I, defined by Eq,(20), can be factorized,
I = DK1D2K2 −DK2D2K1
= κ′[κτ ′ + 2κ′τ ]− κτ(κ′′ − κτ2)
= κ3τ2
[
τ
κ
−
(
κ′
κ2τ
)′ ]
. (33)
The conditions under which the conformal torsion T vanishes are discussed in Appendix C. The integrated torsion can
now also be cast in terms of the Frenet variables,
J =
∫
ds |DK|1/2 T =
∫
ds
κ3τ2
κ′2 + κ2τ2
[
τ
κ
−
(
κ′
κ2τ
)′ ]
. (34)
Significant properties of J are collected in Appendix C.
5 Critical points of curvature energies
One is now in a position to examine the behavior of the conformal arc-length under deformations of the curve.:
X → X + δX. Any two curves related by a conformal transformation possess the same conformal arc-length. So if
one of the two describes a critical point, or conformal geodesic, then so does the other.
In general, translational invariance of the energy identifies the Euler-Lagrange derivative with respect to X with
the divergence of a stress tensor, identified with the tension F. Conformal geodesics then satisfy F′ = 0. Even
though F itself is not conserved under conformal transformations, the conservation law is. Whereas the energies of
two curves related by a conformal transformation coincide, the tensions within them generally differ. Tension-free
curves are necessarily in equilibrium. In contrast to the planar reduction of this problem, however, it is not obvious if
every equilibrium state is conformally equivalent to a tension-free state [17].
Consider, more generally, a functional defined on an arc-length parametrized space curve, H[X]. This can always be
cast in the form
H[X] =
∫
dsH(KI , DKI) , (35)
where DKI = KI ′ + ωIJKJ , and ω is the normal connection defined below Eq.(5b). The conformal arc-length
depends only on DKI ; A dependence on KI will be admitted, not only because it involves no extra effort but
also because it facilitates comparisons with Euler-Elastica and allows one to investigate the implications of replacing
conformal invariance by scale invariance. For example, the energy
H[X] =
∫
ds (DKIDKI + α(K
IKI)
2)1/4 (36)
is scale invariant for any choice of α; but conformally invariant only if α = 0.
For higher derivative energies, dismantling the covariant derivatives in favor of the Frenet scalars and their derivatives
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is not an optimal strategy for turning the variational crank. Treating the normal directions democratically simplifies
the implementation of the calculus of variations.
The approach we adopt to examine the behavior of H under small deformations, X→ X+ δX, will be the method
of auxiliary variables, developed originally to examine surfaces [22] (see also [9] for a recent review, tailored to the
two-dimensional bending energy). This provides an efficient way to identify conserved currents associated with the
symmetries of any energy H depending on geometric degrees of freedom [22, 17]. While originally developed for ener-
gies quadratic in curvature, there is no obstacle to considering energies involving higher derivatives (see, for example,
[32] or [33], a factor of two and a sign error in [32] were corrected discreetly in the more general treatment in [33]).
The implications of curvature derivatives on the boundary of contact in the adhesion of membranes are explored in [34].
The idea is to treat KI and ωIJ as independent variables in H. To do this in a consistent way, it is necessary
to introduce Lagrange multipliers to impose the structure equations connecting them to X as constraints. The func-
tional dependence on X itself, as well as the intermediate variables t and nI appears only within the constraints.
Thus one constructs the constrained functional
HC [X, t,n
I ,KI , ωIJ , . . . ] = H[KI , ωIJ ]
+
∫
ds
[
1
2
T (1− t · t)−HI(KI − t ·DnI)− SIJ (ωIJ − nI · nJ ′)
]
+
∫
ds
[
1
2
λIJ(n
I · nJ − δIJ)− fI(nI · t) + F · (t−X′)
]
. (37)
The Euler-Lagrange equations for KI and ωIJ identify HI and SIJ as the Euler Lagrange derivatives of the uncon-
strained functional H[KI , ωIJ ] with respect to KI and ωIJ respectively:
HI =
δH
δKI
, SIJ = δH
δωIJ
. (38)
Explicit expressions for HI and SIJ for energies involving KI and DKI are
HI =
∂H
∂KI
−D
(
∂H
∂DKI
)
; (39a)
SIJ =
(
∂H
∂DK [I
)
KJ] . (39b)
The Euler-Lagrange equations for t and nI identify the tension F along the curve to be given by
F =
(
T −HIKI
)
t− (DHI − 2SIJKJ)nI . (40)
To see this, notice that the Euler-Lagrange equation for t gives (using the equations of structure (5b), which are
themselves implied by the constraints)
F = T t−HIDnI + fI nI
= (T −HIKI) t+ fI nI . (41)
The counterpart for n implies
fIt = −D(HIt) + 2SIJDnJ +DSIJnJ + λIJnJ , (42)
or, equivalently,
(fI +DHI − 2SIJKJ)t− (HIKJ +DSIJ − λIJ)nJ = 0 . (43)
The vanishing of the tangential component of this homogeneous equation implies fI = −(DHI−2SIJKJ), reproduc-
ing the normal projection in Eq.(40). The vanishing of the antisymmetrized normal component implies the addition
kinematical constraint
DSIJ +H[IKJ] = 0 , (44)
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which captures the normal rotational invariance of H. One can confirm that the identifications (39a) and (b) are
consistent with Eq. (44). The details will be developed in the context of surfaces in reference [35]. Antecedents
can be found in a specific higher-dimensional (surface) context in [36]; the Euler-Lagrange equations and boundary
conditions are treated in a general Riemannian context in [37].
In this framework, the functions X appear only in the tangency constraint. Modulo boundary terms, examined
in the next section,
δXHC [X, t,n
I ,KI , ωIJ , . . . ] =
∫
dsF′ · δX . (45)
But this implies that, modulo the boundary conditions dictated by these boundary terms,
δXH[X] =
∫
dsF′ · δX . (46)
It is thus clear that H is stationary with respect to variations of X when F is a constant vector along the curve:
F′ = 0 . (47)
F is identified as the tension in the curve. To unpack the conservation law, collect the tangential and normal projections
in Eq.(eq:Fdef):
F = F‖ t+ F⊥ I nI . (48)
Using the structure equations (5a) and (b), the normal and tangential projections of the conservation law (47) are
given respectively by
EI⊥ = nI · F′ = DF I⊥ −KI F‖ = 0 , I = 1, 2 ; (49a)
E‖ = t · F′ = F ′‖ + F⊥ IKI = 0 . (49b)
Notice that, on any curve, SIJKIKJ = 0, so that SIJ never appears on the lhs of Eq.(49b).
In this framework, the one remaining unknown in the definition of F is T, the multiplier imposing the unitarity
of t or, equivalently, flagging s as arc-length. Had the curve been parametrized arbitrarily, it would have been nec-
essary to introduce a one-dimensional metric. In such an approach, T is identified as the stress associated with this
metric. The identity (49b) is then tautological: a consequence of the manifest reparametrization invariance of H.
This approach is not generally optional for surfaces [22]. But here there is a privileged parametrization by arc-length
parametrization. The price paid is the breaking of manifest reparametrization invariance. A consequence is that
the tangential Euler-Lagrange equation is no longer satisfied identically. Its new role is to recover the multiplier T.
Stationary states are then characterized by the two Euler-Lagrange equations: EI = 0, I = 1, 2.
To determine T, first recast Eq.(49b) in the form
(T − 2HIKI)′ +HIDKI = 0 . (50)
Now note, using the definition of HI (39a), that
HIDK
I =
[(
∂H
∂KI
)
−D
(
∂H
∂DKI
)]
DKI
= H′ −
((
∂H
∂DKI
)
DKI
)′
. (51)
Using this identity in Eq.(50), T determined modulo a constant of integration, σ:
T = −H+ 2HIKI − σ +
(
∂H
∂DKI
)
DKI . (52)
The constant σ is associated with the global constraint on the total arc-length implicit in this approach. If arc-length
is not fixed, then σ = 0. The identification of T restores the reparametrization invariance that was temporarily
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suspended in choosing s to parametrize the curve. One can now express the tangential component of the tension
appearing in the decomposition (48) completely in terms of the KI and their covariant derivatives:
F‖ = −H+HIKI +
(
∂H
∂DKI
)
DKI . (53)
In the Frenet gauge, Eqs. (49a) and (b) assume the strikingly simple form:
(F 1⊥)
′ − τ F 2⊥ − κF‖ = 0 ; (54a)
(F 2⊥)
′ + τ F 1⊥ = 0 ; (54b)
F ′‖ + κF
1
⊥ = 0 . (54c)
Eq.(54c) determines F 1⊥ completely in terms of F‖; Eq.(54a) then determines F
2
⊥ in terms of F‖. Finally, Eq.(54b)
provides a third order equation for F‖.
It is clear from this decomposition that a sufficient condition that F = 0 in equilibrium is that the tangential
component vanishes, or F‖ = 0. While this approach is of some interest in principle, it is not a very useful approach
to solving these equations in practice.
6 The conformal tension
Let H = F(U), where U = |DK|2. We have
HI = −2D(FUDKI) ;
SIJ = 2FUDK[I KJ] , (55a)
where FU = ∂F/∂U . Thus F‖, defined by Eq.(53), is given by
F‖ = −F + 2FU U − 2D(FU DKI)KI . (56)
The normal stress, F⊥ I , appearing in Eq.(40), is given by
F⊥ I = 2D2(FUDKI) + 2FUκ2PKDKI , (57)
where PK = δIJ − KˆIKˆJ is the projector on normal vectors orthogonal to KI .
If, in particular, F = |DK|1/2, then
2F = −
(
µ3κκ′
)′
t+
(
D2(µU I) + µκ2PKU
I
)
nI , (58)
where µ is defined in Eq.(17), and U I is unit normal vector parallel to DKI (21). The remarkably simple expression
for the tangential projection of F will be understood to be a consequence of the scale invariance of the energy. The
first Casimir invariant of the Euclidean group is given by F 2 = F · F; F is not an invariant of the conformal group.
7 Recovery of the conformally invariant Euler-Lagrange equations
To reproduce the manifestly covariant Euler-Lagrange equations (4), let us first replace covariant derivatives with
respect to arc-length in Eq.(58) by covariant derivatives with respect to conformal arc-length, defined above Eq.(23).
We have for the normal tension:
2F I⊥ =
1
µ
Dµ
1
µ
Dµ(µU
I) + µκ2PKU
I
=
1
µ
D2µU
I +
1
µ
[(D2µ lnµ)U
I + (Dµ lnµ)DµU
I ] + µκ2PKU
I . (59)
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Define IU = 2µU IF⊥ I ; then
I1 = −T 2 +D2µ lnµ+ (µ2κ2 − (µK · U)2) ;
= −T 2 −K + (Dµ lnµ)2/2 +
(
1
2
µ2κ2 − (µK · U)2
)
, (60)
where the identity (27) is used to introduce the conformal torsion T in the first line and rewritten the identity (18)
in the form,
K = −D2µ lnµ− k2µ2/2 + (Dµ lnµ)2/2 , (61)
to introduce the conformal curvature K on the second.
The normal projection of the tension orthogonal to U I , I2 = 2µDU IF⊥ I , is
I2 = T T • + (Dµ lnµ) T 2 − (µK · U)(µK ·DµU) . (62)
We now project the two normal Euler-Lagrange derivatives of H with respect to X, given by Eqs.(49a), along U I and
DU I . For the projection of EI along U I , one has
2µ2UIEI = 2Dµ(µUIF I⊥)− 2(µDµUI + µ•UI)F I⊥ − 2µ2(U ·K)F‖
= I•1 −Dµ lnµ I1 − I2 + (µU ·K)•(µU ·K) , (63)
where the identity 2µF‖ = −(µ2κκ•)• = −(µU · K)• is used in the last term. Using the definitions of I1 and I2,
(60) and (62) respectively; collecting terms and making reuse of the identity, (61), this collapses
E1 := 2µ2UIEI
= −
(
3
2
T 2 +K
)•
+ L1 , (64)
where
L1 =
1
2
(µ2κ2)• − (µK · U)(µK · U)• −
(
µ2κ2 − (µK · U)2
)
Dµ lnµ+ (µK · U)(µK ·DµU) ; (65)
It is straightforward to show that L1 vanishes. The projection of EI along DU I can be written
2µ2DUIEI = 2Dµ(µDUIF I⊥)− 2(µD2µUI + µ•DUI)F I⊥ + (µU ·K)•(µDU ·K)
= I•2 − µ•I2 − I3 + (µU ·K)•(DU ·K)
= I•2 − µ•I2 + T 2I1 −
T •
T I2 + (µU ·K)
•(µDU ·K) , (66)
where Eq.(27) has been used as well as the definition of T to express the projection of the normal tension along D2µU I
in terms of I1 and I2:
I3 := 2µ(D
2
µU
I)FI = −T 2I1 + T
•
T I2 . (67)
Using the expressions (60) and (62) for I1 and I2, the manifestly conformally expression,
2µ2DµUIEI = −2KT + T •• − T 3 , (68)
for DUIEI follows. The Euler-Lagrange derivatives, ≈ UIEI and DµUIEI , are themselves manifestly conformally
invariant. The corresponding Euler-Lagrange equations, DUIEI = 0 and UIEI = 0, are also and they coincide with
Eqs.(4a) and (b). The conservation of the tension (which is not itself rotationally invariant never mind conformally
invariant) is equivalent to the conformally invariant Euler-Lagrange equations, derived first by Musso [15] using a very
different approach, reflectng different obhjectives. Notably, the conserved tension plays no role.
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8 Boundary variations and conservation laws
We now construct the torque associated with rotational invariance as well as the scalar and vector currents associated
with conformal invariance. All three conserved currents will play a role in the construction of tension-free states.
First collect the boundary terms that have accumulated in the variation of HC defined by Eq.(37). One has
δHC [X, . . . ] =
∫
dsF′ · δX+
∫
dsJ ′ , (69)
where
J = (HJ t+ SIJnI) · δnJ − F · δX+
(
∂H
∂DKI
)
δKI . (70)
Here HI is defined by Eq.(39a) and SIJ by Eq.(39b). The first three terms contributing to J originate in the
variations of X and nI when derivatives are peeled off the variation and collected in a derivative. For the familiar
Euler Elastic energy or any energy involving KI alone, SIJ = 0 and ∂H/∂DKI = 0 and the two surviving terms
complete the specification of the boundary term. For conformal arc-length, there is an additional boundary term
associated with the variation of KI . At this order, there is no boundary contribution associated with variations of
the connection. This is easily understood: ωIJ always appears in the combination DKI , one derivative lower than
KI . If however, an even higher order theory is contemplated—such as the conformal bending energy, quadratic in
the conformal curvature—such terms will arise (albeit in a sense trivially) and will contribute to the special conformal
current.
In equilibrium the first bulk term appearing in Eq.(69) vanishes and only the boundary terms survive.
8.1 Rotational invariance and torque conservation
For rotations, defined by the axial vector b, δX = δb×X and δnI = δb× nI , we have
δbHC = δb ·
∫
ds (M′ −X× F′) , (71)
where the torque is defined by
M = X× F−H1n2 +H2n1 − 2S12t . (72)
In equilibrium, with F′ = 0, M is conserved, M′ = 0. Notice that M possesses the same dimensions as H. As such
it is dimensionless if H is scale invariant.5
For the conformal arc-length, the Euler-Lagrange derivatives with respect to KI and ω12 are given by
HI = −1
2
D(µ3DKI) ,
2S12 = −1
2
µ3DK2 K1 , (73)
where µ is defined by Eq.(17), and (from (58), we identify 2F‖ = −
(
µ3κκ′
)′
. With respect to the Frenet frame they
read
2H1 = −(µ3κ′)′ + µ3κτ2 (74a)
2H2 = −(µ3κτ)′ − µ3κ′τ = −(µ3κ2τ)′/κ (74b)
2S12 = −µ3κ2τ/2 . (74c)
The bending moment is given by the second Casimir invariant of the Euclidean group,
M = M · Fˆ . (75)
5To be technically correct, it possesses the dimensions of energy.
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One determines
MF = −H1(DH2 + 2S12K1) +H2(DH1 − 2S12K2)− 2F‖S12 . (76)
In contrast, for Euler Elastica, with H = κ2/2, one determines S12 = 0; H1 = κ, H2 = 0, and DH2 = κτ . As a
result,MF = −κ2τ . This determines τ as a function of κ.
M, like F , is not a conformal invariant. But both Euclidean Casimir invariants vanish in tension-free states, so
the issue is moot. In such states, M is translationally invariant and M2 = M ·M is a Euclidean invariant. This
observation will play a significant role in the construction of tension-free states [18].
8.2 Conformal invariance and its manifestations
The treatment of the calculus of variations, thus far, has not exploited the conformal invariance of the energy, and
the additional conserved currents implied by this invariance. The task now is to identify them. Begin with scaling.
8.2.1 Scaling
Under rescaling, δλX = λX and δλnI = −λnI , whereas δλKI = −λKI , δλωIJ = −λωIJ , and δλDKI = −2λDKI .
Substituting into Eq.(70), one identifies J = λS, where the scaling current S is given by
S = −F ·X+ SD , (77)
and
SD := −∂H/∂DKI KI . (78)
It follows from the identity (69) that the current S satisfies
S′ = −F′ ·X , (79)
whenever the energy is scale invariant. S is conserved when F is. Note that, like the torque M, S is dimensionless.
Eq.(79) is equivalent to the identify
F‖ = −S′D , (80)
so that F‖ is expressible as a derivative whenever H is scale invariant (whether in equilibrium or not). It is possible
to show that the identity (80) is equivalent to the Euler scaling equation. This will be discussed in a more general
setting elsewhere.
For the conformal arc-length, with H = |DK|1/2, ∂H/∂DKI = µ3DKI/2, so that
SD = −µ3κκ′/2 , (81)
where µ is defined in Eq.(17). It is not obvious in the construction of F‖ terminating in Eq.(53) that it is expressible
as the derivative of SD in any scale invariant theory.
In a tension-free state, S = SD is a constant independent of X. This equation places a constraint on the tor-
sion τ in terms of the dimensionless ratio Σ = −κ′/κ2. On the other hand, modulo this constraint, the conservation
of torque implies that Σ satisfies a quadrature, involving the addition parameterM, the magnitude of the torque. This
will be constructed explicitly in reference [18]. Σ can in turn be integrated to provide identify the Frenet curvature κ.
It is now possible to construct the self-similar spiral from its Frenet data [24]. The axis of this spiral is defined by the
direction of M. But it would be a mistake to stop here.
8.2.2 Special conformal current
The identification of the second conformal current involves examining the behavior of a curve under a special con-
formal transformation, the composition of an inversion with a translation followed by a second inversion, linearized
in the intermediate translation c, given by δcx = |x|2 Rx c, where Rx is the same linear operator on 3-dimensional
Euclidean space defined along curves in Eq.(8). The vector c has dimensions of inverse length squared.
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In Appendix D, the two identities
δcn
I = 2(X · nI) c− 2(nI · c)X , (82)
and
δcK
I = 2[(X · c)KI − (nI · c)] (83)
are derived. Using Eq.(70), and the results just collected, the conformal current G associated with any conformally
invariant energy involving three or less covariant derivatives (J = G · c in the identity (69) is easily seen to be given
by
G = −2HI FI0 + 2SIJ VIJ − |X|2RXF− 2SDX− 2 ∂H/∂DKI nI . (84)
Here, the definition of SD in Eq.(78) has been used; FI0 is defined by
FI0 = (X · t)nI − (X · nI) t ; (85)
we have also set nJ · δcnI = −VIJ · c, where
VIJ = (nJ ·X)nI − (X · nI)nJ . (86)
Using Eq.(77) to reassemble the scaling current S, we can also write
G = −2HI FI0 + 2SIJ VIJ − |X|2F− 2SX− 2 ∂H/∂DKI nI . (87)
Eq.(69) implies that, whenever H is conformally invariant, G satisfies
G′ = −|X|2RXF′
= 2F′ ·XX− |X|2F′
= −2S′X− |X|2F′ . (88)
The last line is a consequence of Eq.(79). In particular, G is conserved when F is.
To verify this directly, the two identities,
DFI0 = n
I −VIJ KJ ; DVIJ = −KIFJ0 +KJFI0 , (89)
are useful. Together, they can be viewed as the higher co-dimensional analog for curves of an identity, describing the
normal vector in terms of a potential, introduced in [38].
We can now use the definition of the torque given by Eq.(72), as well as the three obvious identities
F10 = (t ·X)N− (N ·X) t = X×B ; F20 = (t ·X)B− (B ·X) t = −X×N , (90)
and
V12 = (B ·X)N− (N ·X)B = −X× t , (91)
in the Frenet frame, to express the first two terms on the right hand side of Eq.(87) in terms of moment of the excess
torque,
−2HI FI0 + 2SIJ VIJ = 2X× (M−X× F) . (92)
Finally, using the expression for ∂H/∂DKI given at the end of subsection 8.2.1, the conserved conformal current for
the conformal arc-length assumes the form
G = 2X× (M−X× F)− |X|2F− 2SX− µ3(κ′N+ κτ B) , (93)
involving the three conserved currents F, M, and S.
Suppose that F = 0. Then, under translation G transforms by a constant vector. It is thus possible to choose
the origin so that G, like F , vanishes. But if G = 0, all tension-free states are characterized completely by two
independent parameters, the scaling rate S and the torque magnitude, M.
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9 Conclusions
In general, there will be conserved currents associated with the stationary states of a conformally invariant energy. For
a conformally invariant energy defined on curves, these are identified as the tension and torque associated with the
underlying Euclidean invariance; as well as the scaling and special conformal currents associated with the additional
symmetry. We have provided an explicit construction of all four currents for the conformal arc-length.
We have shown how the conservation of the tension can be cast in a manifestly conformally invariant form, in
terms of the elementary conformal invariants, the conformal curvature and torsion and their derivatives with respect
to conformal arc-length. Tension-free states necessarily involve the breaking of conformal symmetry. Neither the
conformal curvature nor conformal torsion generally vanishes in these states.
In a companion paper, it will be shown how the conservation laws can be used to construct tension-free curves
[18]. Show curves form self-similar spirals. Their significance stems from the fact that they represent the direct
three-dimensional analogues of the logarithmic spiral. When the tension vanishes, the special conformal current does
also if the origin is chosen appropriately. This turns out to be the spiral apex. It now becomes possible to construct a
spherical polar coordinate system adapted to this origin and the direction of the torque, Mˆ[18]. While it is not obvious
in what order the conservation laws should be integrated, a natural order becomes apparent: the conserved scaling
current determines the torsion in terms of the local curvature; the magnitude of the torque then provides a quadrature
determining this curvature. This would appear to leave no significant role for the special conformal current. However,
an intrucate internal structure is revealed that would not be guessed at the level of the Frenet data implied by the
torque quadrature. In logarithmic spirals, the two conserved currents M and S are not independent, constrained to
satisfy 4MS = 1. Now, however, if the torque is increased relative to the curvature S, such that with 4MS > 1,
however, the spiral will nutate between two fixed oppositely oriented circular cones, indicating the bounding polar
angles with respect to the adapted coordinates. There will also be a pair of coaxial outer cones on which the spiral
reverses direction along the M-axis. The spiral will oscillate with increasing amplitude along this axis in successive
cycles of nutation, twisting and precessing about the axis as it grows, the torsion changes sign at the turning points
where the growth along the axis is reversed. A deceptively simple single irreducible cycle in illustrated in Figure 1.
Unlike the logarithmic prototypes, with all points equivalent, their dimensional analogues exhibit internal structure
which is captured by the nutating cycles; the points within each cycle inequivalent. Teasing out this structure involves
somewhat different mathematics; it is not a short story and not without interest. The special conformal current plays
plays an unexpected role. The subject will be taken up in a companion paper [18].
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Appendix A Derivations of Eqs.(9)
The derivation of Eq.(9) involves the identity
RX RX
′ = −2[1− 2Xˆ⊗ Xˆ][Xˆ⊗ Xˆ′ + Xˆ′ ⊗ Xˆ]
= 2[Xˆ⊗ PXt− PXt⊗ Xˆ] , (A.1)
where PX is the projection orthogonal to X, which originates in the differentiation of the unit vectors appearing in
RX:
Xˆ′ = PXt/|X| . (A.2)
Using Eq.(A.1) one has
t · RX RX′ nI = 2(nI ·X)/|X|2 , (A.3)
and also
nI · RX RX′ nJ = 0 . (A.4)
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Figure 1: One complete cycle of a supercritical spiral, illustrating both the invariant cones restricting access to the poles, as
well as the pair of coaxial outer cones on which the spiral reverses direction along theM-axis. The segments above (below) the
mid-plane orthogonal toM are colored orange (green). The angle through which the cycle precesses in a half-cycle is indicated.
This particular spiral dilates by a factor of 38.15 over the course of this cycle. Rotating this cycle by 2.43pi and rescaling by a
factor of 38.15, and repeating generates the complete self-similar spiral.
It is now clear that
K¯I = t¯ · dn¯
I
ds¯
= −|X|2KI + t · RXRX′nI , (A.5)
which coincides, on using Eq.(A.3), with the expression for K¯I given in Eq.(9). Similarly
ω¯IJ = n¯I · dn¯
I
ds¯
= −|X|2ωIJ + nI · RXRX′nJ . (A.6)
The second term on the right vanishes because of the identity Eq.(A.4). Eq.(A.6) thus reproduces the expression for
ω¯IJ given in Eq.(9).
Appendix B Conformally transformed Frenet frame
As a consequence of Eq.(9), the Frenet curvature transforms as
κ¯2 = K¯IK¯
I
= |X|2κ2 − 2κ (N ·X) + |X|2 − (X · t)2 . (B.1)
It does not transform as κ→ |X|2κ−2(N ·X), as might naively have been expected. Gauge choices do not transform
in a simple way under conformal transformations. The simplest way to determine how τ transforms is to note that
U = κ′2 + κ2τ2 → |X|8U . Note in particular that κ′ does not transform by a weight so neither does τ. It is evident
that the Frenet frame transforms in a non-trivial way under conformal transformations, the more so the higher the
dimension.
Appendix C The conformal torsion
The term in square brackets appearing on the rhs of Eq.(34) vanishes when
κ′
κ2τ
(
κ′
κ2τ
)′
=
κ′
κ2
, (C.1)
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or
τ =
κ′
κ(Cκ2 − 1)1/2 , (C.2)
where C is a constant. Curves on spheres are conformally equivalent to curves on planes, where τ = 0. Thus one
should expect this invariant to vanish along such curves. It is well-known that on a unit sphere, the Frenet torsion is
completely determined by the curvature and its first derivative through the relationship (C.2) (see, for example, [29]).
On a unit sphere, C = 1.
On a sphere, τ can equivalently be cast in terms of the geodesic curvature, τ = κ′g/(κ2g + 1), where we use the
fact that the geodesic curvature κg is related to κ through the elementary relationship, κ2 = κ2g + 1, between Frenet
curvature, geodesic and normal curvatures applied to a sphere.6
We thus see that the rhs of Eq.(34) vanishes if and only if the curve lies on a sphere or a plane. Notice that
neither K nor T possess a definite sign.
An alternative reorganization of T points to a non-trivial result. Rewrite the middle line in (33):
I = κ′[κτ ′ + κ′τ ]− κτκ′′ + (κ′2 + κ2τ2)τ . (C.3)
This way we can rewrite
J =
∫
ds
κ2τ2
κ′2 + κ2τ2
(
κ′
κτ
)′
+
∫
ds τ , (C.4)
isolating the total torsion
∫
ds τ within the definition of J (34). Let tan Φ = κ′/κτ . Now J =
∫
dΦ +
∫
ds τ ,
reproducing the well-known result that the total torsion is a conformal invariant mod 2pi [30, 14]. This has interesting
consequences in the context of self-similar spirals [18]. The dimensionless variable Φ also plays an important role in
the construction of these spirals.
Appendix D Euler-Elastica
It is instructive to review the description of the Euler Elastic energy in this framework [23, 25]. Now H = KIKI/2 =
κ2/2, so that HI = KI ; SIJ , of course, vanishes. From Eq.(53), one reads off F‖ = κ2/2 − σ (the constant of
integration in Eq.(52) does not vanish, because arc-length is fixed). In addition, F I⊥ = −DKI , so Eq.(54b) reads
(κ2τ)′ = 0, or τ = J /κ2, where J is a constant of integration, identified as the Casimir invariant of the Euclidean
group (defined by Eq.(75) in section 8). Modulo this equation, Eqs.(54a) and (c) together imply
κ′′ − κ3/2− J2/κ3 + σκ = 0 . (D.1)
Integrating Eq.(D.1) yields the familiar quadrature [12].
κ′2 +
(
1
2
κ2 − σ
)2
+
J 2
κ2
= F 2 , (D.2)
with constant F 2 = F · F. The conserved tension itself, F, is given by
F =
(
1
2
κ2 − σ0
)
t− κ′N− J
2
κ2
B . (D.3)
It vanishes only if J = 0, and κ is constant. There are no (non-trivial) Euler elastic tension-free states.
6This identity implies that the integrated torsion along a curve has the analytical expression in terms of the geodesic curvature,∫
ds τ = arctanκg + c.
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Appendix E Special Conformal Transformations
Transformation of arc-length:
In general,
(|X|2RX c)′ = 2(X · t) c− 2(X · c) t− 2(t · c)X , (E.1)
so that
δcds = −2 (X · c) ds . (E.2)
To see this, describe arc-length along a curve parametrized by a fixed parameter t so that ds2 = |X˙|dt2 and
δds2 = 2(X˙ · δX˙)dt2 , (E.3)
where the dot represents differentiation with respect to t. In particular,
δcds
2 = 2 t · (|X|2RXc)′ ds2
= −4(X · c) ds2 . (E.4)
Transformation of basis vectors:
As a consequence of Eq.(E.2),
δct = 2(X · t) c− 2(t · c)X ; (E.5)
Using t · δcnI = −nI · δct, Eq.(82) follows.
Transformation of curvature, its derivative, and the normal connection:
In general, using the definition of KI and Eq.(5a), one has
δKI = −nI · δt′ +KJnJ · δnI . (E.6)
Now use Eqs.(5a), (E.2), (E.5) and (82) to express the special conformally transformed acceleration appearing in the
first term,
δct
′ = 2c− 2KI(X · nI) c+ 2KI(nI · c)X− 2(t · c) t− 2KI(X · c)nI . (E.7)
Using Eqs.(E.7) together with (82) in Eq.(E.6) reproduces Eq.(83).
Note that the contribution proportional to VIJKJ , defined by Eq.(86) originating in the second term on the RHS of
Eq.(E.6) cancels and identical term appearing in the first.
In the same way, it is found that
δωIJ = nI · δnJ ′ + δnI · nJ ′ = 2(X · c)ωIJ . (E.8)
In conclusion7
δcDK
I = 4(X · c)DKI . (E.9)
From Eq.(E.9) and (E.2), follow the invariance of conformal arc-length, consistent with the finite transformation (10)
under spherical inversion.8
7DδcKI = 2(X · c)DKI .
8δcDKIDK
I = 8(X · c)DKIDKI , and δc
∫
ds (DKIDK
I)1/4 = 0.
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